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In this paper we continue the analysis of one of our previous papers and study the affect of 
the existence of a non-trivial dilaton background on the propagation of electromagnetic waves in 
qq , the Kerr-Newman dilatonic black hole space-time. For this purpose we again employ the double 

' expansion in both the background electric charge and the wave parameters of the relevant quantities 

^\ ' in the Newman-Penrose formalism and then identify the first order at which the dilaton background 

enters Maxwell equations. We then assume that gravitational and dilatonic waves are negligible 
5^ ' (at that order in the charge parameter) with respect to electromagnetic waves and argue that this 

Oh, condition is consistent with the solutions already found in the previous paper. Explicit expressions 

are given for the asymptotic behaviour of scattered waves, and a simple physical model is proposed in 
order to test the effects. An expression for the relative intensity is obtained for Reissner-Nordstrom 
dilaton black holes using geometrical optics. A comparison with the approximation of geometrical 
optics for Kerr-Newman dilaton black holes shows that at the order to which the calculations are 
carried out gravitational lensing of optical images cannot probe the dilaton background. 
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In Ref. |lj we started from the low energy effective action describing the Einstein-Maxwell theory interacting with 
O a dilaton of arbitrary coupling constant a in four dimensions (we always set c = G = 1 unless differently stated) , 
O" 1 ' 
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4.60.+n, 11.17. +y, 97.60.Lf 
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and, on expanding the fields in terms of the charge-to-mass ratio Q/M of the source, we obtained the static solution 
of the field equations corresponding to a Kerr-Newman dilatonic (KND) black hole rotating with arbitrary angular 
momentum. Our solution reduces to the Kerr-Newman (KN) metric (see e.g. for a = and to the Kaluza-Klein 
solution H for a — V3, but differs from the exact Reissner-Nordstrom dilatonic (RND) black hole Q in the zero 
angular momentum limit [^) . In Ref. Q , to which we refer for all the definitions and notation, we used these solutions 
to write the wave equations for the various field modes. Our method is to double expand each field in powers of the 
electric charge and the wave parameter. Substituting these expansions into Maxwell's equations, the dilaton equation 
and Einstein's equations then give (inhomogeneous) wave equations for the coefficients of the expansion to any desired 
accuracy. 

We have already given explicit expressions for Maxwell's equations for the coefficients linear in the wave parameter 
for the three lowest orders of the charge parameter and have found the asymptotic form of the solutions linear in the 
wave and charge parameters (order (1,1) in the notation of ||). The latter correspond to Maxwell waves produced 
by dilaton waves scattered by the static electromagnetic background. 

In this paper we analyze the Maxwell waves produced by the scattering of electromagnetic waves by the static 
dilaton background which emerge at order (1, 2). Since Maxwell's equations at order (1, 2) contain waves of all kinds 
JjJ, finding analytic solutions seems an intractable problem. We thus pursue a suggestion already introduced in || 
and assume that the dilaton waves and the gravitational waves are negligible with respect to Maxwell waves which 
allows us to greatly simplify the equations for electromagnetic waves. In section || we check the consistency of such a 
working ansatz and argue that it is valid at order (1,2) when one considers the solutions at order (1, 1) which we have 



found in |q]. In section [II we compute the asymptotic behaviour at large distance from the hole of both outgoing 



and ingoing modes of the reduced Maxwell equations and propose a physical onset to detect the dilaton background 
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in a binary system from the scattered pattern of radiation emitted by the star companion. In section IV we show 
an alternative way of computing the variation of the flux of a null wave scattered by RND and KND black holes in 
the approximation of geometrical optics. This approach reflects the qualitatively different natures of the two kinds of 
metrics and proves that light paths are not affected be the dilaton background in KND at the computed order in the 
charge-to-mass expansion. We also compare this result with the wave approach of the previous sections. 

II. WAVE EQUATIONS AT ORDER (1,2) 

We employ the double expansion of perturbations || of the static solution given in Ref. in order to write the 
wave equations for the various field modes, 

p J ft 
P ■ n 

G{t,r,9, V )=Y,9 P Q n G^ , (2.1) 

p . n, 

where g is the same wave parameter for the dilaton (fa), Maxwell (fa) and gravitational (collectively denoted by G) 
field quantities. Of course, we will only study the linear (p = 1) case and set g — 1 from now on. We assume the 
linear perturbations have the following time and azimuthal dependence 

tjP-> n \t,r,8,(p) = k d e^ t+tmip 4> {1 ' n) (r,9) 

<$> n \t,r,e,ip)=k BM e i * t+im *4> n) (r,6) , i = 0,l,2 

G^(jk,r,e,<p) =k G e iat+im ^G^' n \r,e) , (2.2) 

where kd, kEM and k G are parameters. We recall here that each function of r and 9 on the R.H.S.s above implicitly 
carries an extra integer index, m, anda continuous dependence on the frequency Co. 

As shown in it is at order (1, 2) that the effect induced by the dilaton background appears in all of the equations. 
Since at this order the different kinds of waves do not disentangle even for a = §, we need a working ansatz to 
obtain a manageable set of equations. As already suggested in B, we shall tentatively assume 

kEM > k d ,k G , (2.3) 

and neglect both dilaton and gravitational waves with respect to Maxwell waves. This hypothesis is equivalent to 
assuming the existence of (space-time) boundary conditions such that the gravitational and dilaton contents of the 
wave field are negligibly small when compared to the electromagnetic sources, a condition that is not automatically 
consistent and will be checked in the following for the whole set of field equations. 

For completeness, we observe that, in case kEM ~ kd,kc the leading contributions to the electromagnetic waves 
come from order (1,1) and have already been found in Therefore the present notes together with || should cover 
most of the leading order electromagnetic physics that one can extract from the study of classical waves on the KND 
background. 

A. Gravitational equations 

In H we considered the gravitational field to be determined by the following three non vacuum equations in the 
Newman-Penrose (NP) formalism, 

(«5* -4<3 + 7r)* - (D-ip- 2e)* x - 3k* 2 = (S + tt* - 2a* - 2 0)R U 
-(f) - 2 e - 2 p*) R 12 + 2 a R 2 i - 2 k R 22 ~ n* R%3 

(A -4 7 + /i)* - (<5- 4r- 2/3)*i - 3(7*2 = (<5 + 27T* - 2/3)i?i2 
-(D-2e + 2e*-p*)R 13 - X* R n -2a R 22 - 2 k R 23 

(D - p - p* - 3 e + e*) a - (6 - r + tt* - a* - 3 [3) k - f = . (2.4) 
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The Ricci tensor terms are given by the Einstein field equations, 



R a b = 2 Mb + 2 T£ 



EM 



and the electromagnetic energy-momentum tensor is 



rpEM _ e -o, 



e-+FFg [1-^99 



(2.5) 



(2.6) 



where, in the far R.H.S. we omit indices for brevity, so that F represents any of the components of the Maxwell field 
strength and g (not to be confused with the wave parameter that we have set to 1) any component of the metric 
tensor. 



For the purpose of further simplifying the expressions, we also observe that Eq. (2.4) above can be formally rewritten 



GG = G R , 



(2.7) 



where Q represents any differential operator with coefficients which depend on gravitational quantities only, G rep- 
resents any gravitational quantity and R her e sta nds for any component of the Ricci tensor. On omitting vanishing 
terms one then finds that at order (1, 2) Eq. (2A) can be written 



k G (V°>°) g {1 ^ + s (0 - 2) + s (1 < 0) g^ 2 ~> + g^ g(°'°>) = g (0 ' Q) r (1 ' 2) + k G g^ r^ 



(2.8) 



where 
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k G gM (l-^ gV>°A - a k d <f,M g^ 



(2.9) 



If we now apply our ansatz, Eq. (2.3), and neglect any term s proportional to k G , kd with respect to terms propor- 
tional to kEM, we find that the third equation in Eq. (2.4) is not affected, since it does not explicitly depend on 
electromagnetic waves, whilst the first and second equations can apparently be reduced to 



~ 0(o,o) #(i,2) „ 4 kEM £ ( o,o) F (o,i) F (i,i) ff( o,o) L 1 g( o,o) s (o,oA 



(2.10) 



These would be undesired constraints for the solutions of Maxwell's equations at order (1, 1) which we have already 
found in 0. However, we recall here that those (particular) solutions of the inhomogeneous equations which we 
denoted by <f>i in Se ction IV of || are proportional to kd/kEM- Therefore F^ 1 ' 1 ) ~ kd/kEM and, on substituting 
into the R.H.S. of Eq. f2~T(i| ), one obtains expr essi ons which are indeed proportional to kd- Thus it is not consistent 
to neglect terms proportional to k G , kd in Eq. (2.8), since there is no term proportional to kEM with r espe ct to which 
they are small and none of the above gravitational equations is affected by the approximation in Eq. (2.3). They are 
and remain three inde pendent equations for the gravitational quantities G^' 2 \ 

Of course, Eq. (|2.8|) is so involved that obtaining an analytic solution appears to be unlikely. 



B. Dilaton equation 

The equation for the dilaton field in the NP tetrad components is 

D A + A D - 56* - 8* 6 + (e + e* - p - p*) A + (/i + // - 7 - 7*) D 
+ (t - vr* +a* -/3)S* + (t* - TT + &- 13*) 6} (f> = -ae^F 2 , 



(2.11) 



and can be rewritten in analogy with Eq. (2.7) as 
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gcj) = -ae~ Q0 FFgg . (2.12) 
At order (1, 2) and neglecting terms which vanish identically, one then has 

k d ^ + k d 6^ + k G ^,2) = _ 2a p(X,l) p(0,l) g (0,0) g (0,0) 

-2ak G F^F^g^g^ 

+a 2 fc d (1|O) i ?( °' 1) i ;,(O ' 1) 5 (O ' O) ■ (2.13) 

Again, we recall that F^ 1 ' 1 ' ~ kd/kEM, so that no term proportional to kEM appears, and therefore the dilaton 
equation at order (1, 2) does not lead to an undesired constraint for lower order quantities. 



C. Maxwell equations 



The equations for the Maxwell fields in the NP formalism are given by 

{D- 2p) <j>l - (6* +TT-2&) (j)0 + K<j)2 = Jl 

(6-2t) 6 x -(A + /X-27) 6 q + <j6 2 = Ja 
(D - p + 2 e) 6 2 - {8* + 2 tt) 6 x + A 6 = Ja 
(J-r + 2/5)0 2 - (A + 2/i)<j!)i = -h , 



(2.14) 



where the source terms are 



T - a 

T - a 

T - a 

J 3 — — 



+ ^ x )D-6 S*-6* 5 



+ <f>l) A -02 5 -6* 2 6* 



cj>t)5-6oA + 6* 2 D 
ft) + -fat) 



(2.15) 



We can expand to order (1, 2) and make the same approximation given in Eq. (2.3). However, it is clear that now there 
are terms truly proportional to kEM, namely 6^^ and 6^ 2 \ which will remain even after cons iderin g kEM tfi^ 1,1 ) ~ kd 



as found in j6|. We are then allowed to neglect all terms proportional to k Gl kd in Eqs. ( 2.14 ) and ( 2.15 ) above, and 
the four Maxwell equations at order (1, 2) then read 

(D - 2 p)(°>V -(S*+n-2 &)M = j[ l ' 2) 

(5 - 2 r)^ 6?' 2) - (A + M - 2 7 )(°'°) 4 h2) = 4 h2) 
(D - 6^ - (6* +27r)(°'°) 4 h2) = jf 2) 

(«5-r + 2/3)^ )4 1 ' 2) -(A + 2 / i)( -°)^ 2) = J 2 (1 ' 2) . 
The currents on the R.H.S.s are given by 

' K \ (0,2) 



(2.16) 
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0(0,2) 
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(2.17) 



from which one concludes that the perturbations 
the free Maxwell waves 6; ■ 



,(l,2) 



couple to the (gradient of the) dilaton background through 
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III. ASYMPTOTIC SOLUTIONS: SCATTERING FROM THE BACKGROUND 



The set of equations (2.16) together with the corresponding currents is still quite involved. However, we observe 

that the electromagnetic waves 4>t^ which enter the currents in Eq. (2.17) are actually input data, that is we are 
free to chose whatever kind of electromagnetic waves we want to send toward the black hole and then compute the 
scattered pattern (j)^ ■ 

Of course, one wants to consider a physically meaningful model. For instance, one can think of a double system 
made of a black hole and a companion star which is periodically occultated while revolving around the black hole. The 
light of the star would thus periodically pass through the ergoregion of the black hole where the dilaton background 
gradient is the strongest. This would allow for a comparison between the spectrum of the star when it is in front 
of the hole (and the dilaton background effects are negligible) and the spectrum of the star when it is just going 
behind the black hole (see Fig. 1). We also note here that a classical wave scattered by the system is represented by 
a superposition of ingoing modes coming from far away until it reaches the center of the system (the black hole) , and 
then it switches to a superposition of outgoing modes moving away from the black hole. 








FIG. 1. A black hole binary system with the stellar companion shown at two different positions in its orbit about the black 
hole. When the star is occulting as seen from the earth, electromagnetic radiation in the earth's direction will be scattered by 
the tensor and scalar components of the gravitational field. 



Asymptotically (r — > oo) the major contribution to the electromagnetic wave field is given by 

± i uj r 



F, 



± 



2 1 



(3.1) 



with a plus sign for ingoing modes and a minus sign for outgoing modes and = C^(6) contains all the angular 



depe nden ce in 6. Therefore we can assume that (f> 
Eq. (2.17). This reduces the currents to 



(1,0) 



(,(1,0) 



(the so called phantom gauge, see Ref. 



J™ = 

r(l,2) _ _ 



7(1,2) _ 



7(1,2) 



2V2 
1*2 dr< 
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F 2 -~F 2 d r <, 



(3.2) 



where 



1(0,2) = ±_ 
M p 2 



(3.3) 
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(X 2") A ~3 

We can obtain an equation for cjr 2 ' ' alone from the third and fourth equations in Eq. (2.16). Upon defining as 
usual W 2 = 2 (p*) 2 4 1,2) and W x = V? p* $' 2) we obtain 



2?o - — ) W-2-[ C { , 



i a. sin t 



I z a sm ^ 

^ 1 

1 7;* 



VU 2 - A ( V\ + — ) W x = -ap* (p* F 2 + pF%) 3 e 



Finally, upon using the commutation relation 



A (vi+±.y(c 



one can eliminate W\ and gets 



(3.4) 



(3.5) 



A Vl V + £ C\ + 2 i Cop 



W 2 = T 2 , 



(3.6) 



where the source term is 



T 2 = 2A \ V\ + — 



a C 



1 

i a sin 



P" 



[p* (p*F 2 + pF*)de 



To leading order in 1/r, the current is thus 



(3.7) 



Tf = 2Q (2 MCu + i a 2 ) 



r a — iu)r 



M 



(3.8) 



In the expression above the contribution from the dilaton background is the one proportional to a 2 , the remaining 
terms being purely KN. We can then write 



T 2 — Tkn + T a , 



(3.9) 



and separate the contributions for the two different sources. The L.H.S. of Eq. ( ^.6| ) can be expanded in powers of 
1/r as well upon assuming 



W 2 ~ A Z 



(3.10) 



where = Z ± (6). One then finds 



-,±2 to r 



A Z -^x 2 " [2Ma) + i(lTn±)]=T 2 ± 



(3.11) 



from which it follows that = C 2 , 



and 



n + = 1 

A~KN = 1 

A+ = i^k 



(3-12) 



a " 2 M ui ' 



n_ = 

KN - AUJ 1+4M 2 <5 2 
4- 1+2 i M cD 



(3.13) 



We can conclude that the amplitudes of the electromagnetic waves scattered by the dilaton background become 
comparable to or greater than the intensity of the waves scattered by the KN background when A~ > A~^ N , that is 
when (we restore the fundamental constants) 
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(3.14) 



In string theory a — 1 and oj c ~ 10 35 Hz/kg. For example, for a solar mass black hole, the critical frequency would 
be about 100 kHz. 

We observe that (f)^' 2 ^ ~ 1/r 2 is subleading with respect to (j^^ ~ 1/r. However, we can apply the same argument 

that we have formulated in ||, Section V, and conclude that the scattered waves <p2~' 2 ^ are negligible with respect 

to free waves 4>£^ only when the scattering process occurs at large r, which is quite sensible, since strong effects 
from the dilaton background are not expected far away from the horizon. Therefore, adjusting the above mentioned 
argument to the present context, we claim that testable electromagnetic waves could be produced by the scattering 
of free Maxwell waves in a region (denoted by 7Z in Fig. 1 and Ref. just outside the horizon where the gradient 
of the dilaton background is the strongest. Outside of 7Z the scattered waves then propagate as free waves, thus one 
obtains 

\& 2 \r>r d )\^\^ 2 \r d )\ r -± , (3.15) 

where r d is the typical outer radial coordinate of the region 1Z. 

The next step would now be to superpose a suitable selection of incoming modes 4*% to more realistically 
model the electromagnetic radiation coming from the stellar companion of the black hole. Then, the corresponding 
superposition of excited modes 4> 2 ' would give us the scattered pattern and its time dependence due to the relative 
positions of the source and the black hole with respect to the observer. However, we feel that sensible results are out 
of reach of the analytical methods which are all we want to consider in the present work. 



IV. GEOMETRICAL OPTICS EFFECTS 



In the previous sections and in j6| we have studied the wave equations on the KND background. However, one might 
expect to obtain measurable effects on the propagation of light in such a background even at the level of geometrical 
optics ||. 

To start with, we consider a simpler case, the (exact) RND solution 0, 



2* 



dt 2 



2 A 



dr 2 



with 



r 2 (de 2 



(4.1) 



e 2* =e -2A 



r J V r 



R 2 = r 2 I 1 - 



r + = M 



l + Wl-(l_ a 2) 



M 2 



(4.2) 



and compute the deflection angle Acpi of a null ray coming from infinity with an impact parameter D\ = L\/ E\ = D 
(L\ is its angular momentum, E\ its energy) and approaching the outer horizon r + . Fromthe equations of motion for 
null geodesies one obtains an expression for dip/dr (see Q for the details). On integrating the latter from r — +oo to 
T\ , the minimum radial position from the center of the hole reached by the ray, one finds 



A</?i = 2 (<£(ri) - (p{oo)) 



For the metric in Eq. (4.1) the above expression becomes 

4 a 2 



2M 



1 



1 



3 Q 2 

2 4M 2 



(4.3) 



(4.4) 
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where we have assumed r + 3> r_ and Q/M <C 1. Eq. ( |4.4| ) already contains a dilatonic contribution and allows a 
comparison of the pure Reissner-Nordstrom case (a = 0) with the Schwarzschild case (Q — 0) . 
The radius r% is one of the zeros of dr/dcp which in turn are the solutions of M 



D\ (n - r+) = 



(4.5) 



Of course one requires n > r + for an unbound null ray that must escape to infinity. 

Let us now consider a second fiducial null ray starting far away from the hole which lies in the same plane and 
points in the same direction as the first one but has a slightly different impact parameter Di = J2/E2 = D + 5, where 
S <C D. The two rays, rotated around the axis passing through the center of the hole and asymptotically parallel to 
both of them, define an annulus of which we just consider a small portion whose area is 



A 



(-00) 



@{D 2 



D\) ~2D8® , 



(4.6) 



where O is the relative angle between the two rays with respect to the axis passing through the center of the hole (we 
assume O to be small). 



Each ray will then be deflected by the gravitational field of the hole according to Eq. (4.4). Since one has r% 7^2, 
after having been scattered, the two fiducial rays will move at a relative angle 



A12 = Atp 2 -A(p 1 = 2 M 



Therefore the area that they define will change according to 



4a 2 -3 Q 2 ' 






1 + a 2 4M 2 _ 


(5 





l(r) 



! e|A 12 



(4.7) 



(4.8) 



Although Eq. (4.5) is exactly soluable, the solutions are complicated, thus we will just consider the following 
approximations. Since we are interested in rays which travel close to the horizon, we assume = r + + Xi, with 
Xi <C r + and, from Eq. (O) we get 



Xi 



On solving the above equation for Xi and substituting into Eq. (4.7) one finally obtains 

16 M 2 6 



12 



1 



2a 4 + 4a 2 -5 Q 2 



1 



\M 2 



(4.9) 



(4.10) 



where the approximation Di 3> r+ , 6 has been used, but 6 ~ r+ is allowed. 

The rate of decrease of the intensity / can then be computed for any massless linear wave moving "between the 
two rays" , 



<(r) 



A 



(-00) 



'(-00) 



A 



(r) 



D*_ 

M 2 



1 - 



2a 4 + 4a 2 



12 1 



1 + a 2 



8M 2 



1 



(4.11) 



The above result depends on the form of the metric only, and one might think of repeating the same computation 
for the KND case. However, as we pointed out in 0], up to the order at which we have computed it, the KND metric 
is just the KN metric. Therefore, no effect on the null rays can be expected from the dilaton background at any order 
below Q 4 /M 4 when the black hole is rotating 

A final remark is due to clarify the difference between the approach shown in this section and the previous one. The 
solutions to the wave equation that we have found in section |l| display the full wave nature of the electromagnetic 
radiation and they also depend on the direct coupling between the dilaton field and the Maxwell field as formulated 
in the action ( |1 . 1[ ) . However, the results in the present section rely on the approximation of geometrical optics, thus 
neglecting the specific nature of the null rays which includes both the wave character and the coupling to the dilaton. 
Therefore it is not surprising that, in the geometrical optics picture no affect on the Maxwell rays is found for the 
KND geometry, while in the wave picture and at the same order of approximation in the charge-to-mass expansion 
the dilaton does affect electromagnetic waves. 

By comparing the two approaches, one can conclude that the presence of a non-trivial background dilaton in KND 
(at the order included in our computation) affects only the intensity of the electromagnetic radiation and not its 
eikonal paths. This means that the calculation of gravitational lcnsing effects for comparison with measurements as 
tests for the existence of non-trivial dilaton fields must be carried to higher order in the expansion, and this can 
probably be done only numerically. 
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V. CONCLUSIONS 



We have shown that to the order at which we are working in perturbation theory the neglect of the gravitational 
and dilatonic waves with respect to the electromagnetic waves is internally consistent. This assumption has allowed 
us to obtain asymptotic expressions for ingoing and outgoing modes in the phantom gauge and the dilatonic contri- 
butions to these modes. Our analysis shows that electromagnetic waves scattered by the dilaton background have a 
critical frequency of approximately 0.1 MHz. This is in a frequency range which is not currently being studied by 
astrophysicists, because most stars emit relatively small amounts of energy in this range. On the other hand, if a 
detector were to be constructed to observe black hole binaries in this frequency range, the signal should be relatively 
clean, and any enhancement at this frequency in the intensity of the radiation from an occulting star would be a clear 
indication of the presence of a scalar component of gravity. 

At any given frequency a decrease in the intensity of the radiation should be expected for an occulting star due 
to the scattering of the light by the gravitational field. However an exact expression for the intensity will have to 
wait until we are able to realistically model the electromagnetic radiation from the stellar companion of a black hole. 
This involves the superposition of the incoming Maxwell scalar modes, and this will probably entail a numerical 
investigation of the variation of the intensity of the star as a function of its orbital position. 

In the geometrical approximation for a charged, non-rotating (Reissner-Nordstrom) dilaton black hole the integrated 
intensity decreases during occultation if 2 a 4 + 4 a 2 — 5 > 0. In string theory a = 1, and a decrease in the intensity 
of light from the occulting star as compared to its intensity when it eclipses the black hole would be evidence for a 
scalar component of gravity as predicted by string theory. 
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